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ON RATIONAL POINTS OF VARIETIES OVER LOCAL FIELDS
HAVING A MODEL WITH TAME QUOTIENT SINGULARITIES
ANNABELLE HARTMANN
Abstract. We study rational points on a smooth variety X over a complete
local field K with algebraically closed residue field, and models X of X with
tame quotient singularities. If X is the quotient of a Galois action on a weak
Ne´ron model of the base change of X to a tame Galois extension of K, then we
construct a canonical weak Ne´ron model of X with a map to X , and examine
its special fiber. As an application we get examples of singular models X such
that there are K-rational points of X specializing to a singular point of X .
Moreover we obtain formulas for the motivic Serre invariant and the rational
volume, and the existence of K-rational points on certain K-varieties with
potential good reduction.
1. Introduction
In this article we study smooth and proper varieties over a complete local field K
with algebraically closed residue field k with regard to the existence of K-rational
points.
A standard way to detect rational points of varieties over complete local fields is
to look at models. A model of a K-variety X is an integral, flat scheme X over
the ring of integers OK such that the generic fiber of X is isomorphic to X . There
is a natural map X (OK) → X(K), and a specialization map X (OK) → Xk(k),
where Xk ⊂ X is the special fiber. If X is a proper OK-scheme, then the natural
map X (OK)→ X(K) is a bijection. As OK is Henselian, the specialization map is
surjective whenever X is smooth over S := Spec(OK).
If X is regular, then every OK-point of X factors through the smooth locus of X
over S, see [BLR90, Chapter 3.1, Proposition 2]. Hence if a K-variety X has a
regular and proper model X → S, then X has a K-rational point if and only if
the special fiber of the smooth locus of X over S is not empty. But if X is not
regular, then there may exist OK -points intersecting the singular locus of X over
S, see Example 4.6.
The existence of weak Ne´ron models plays an important role in the study of rational
points. A weak Ne´ron model of a smooth K-variety X is a smooth and separated
model Z of X , such that the natural map from Z(OK) to X(K) is a bijection.
Hence if X admits a weak Ne´ron model, then X has a K-rational point if and only
if the special fiber of this weak Ne´ron model is not empty. It is known that every
smooth and proper K-variety has a weak Ne´ron model, see [BLR90, Chapter 3.5,
Theorem 2]. But in general a weak Ne´ron model is not unique.
The smooth locus over S of a regular, proper model of a smooth, properK-varietyX
is a weak Ne´ron model of X . There is a way to obtain a weak Ne´ron model from any
proper model, the so called Ne´ron smoothening, see [BLR90, Chapter 3], which is
constructed by blowing up singular points having sections through them. But given
a singular point, it is hard to decide a priori whether there is a section containing
that point. Therefore the Ne´ron smoothening does not yield a straightforward
method for constructing a weak Ne´ron model from an arbitrary singular model.
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In this article we consider the following situation. Let X be a K-variety, let L/K be
a Galois extension, and let XL be the base change of X to L. Then G := Gal(L/K)
acts on XL such that XL/G ∼= X . Consider a model Y of XL with a good G-action,
i.e. an action such that every orbit is contained in an affine open subscheme of Y,
extending this action on XL. Then the quotient X := Y/G is an OK-scheme and
in fact a model of X . In general X will have tame quotient singularities, and there
can be OK-points through the singular locus, see Example 2.7 and Example 4.6.
Note that interesting models of XL with an action as required really exist and
appear naturally. For example models of XL obtained from models of X by base
change and normalization have such aG-action, and these are exactly the techniques
used to construct a model with semistable reduction in the semistable reduction
theorem, see [Liu02, Chapter 10, Proposition 4.6]. Moreover, we show in Theo-
rem 2.9 that if X is a proper and smooth K-variety, then there is always a weak
Ne´ron model of XL to which the Galois action on XL extends. To construct such a
weak Ne´ron model, we show in particular that the Ne´ron smoothing as constructed
in [BLR90, Chapter 3] is compatible with actions of the Galois group as described
above.
As the model X obtained by taking the quotient is singular in general and has
sections through the singular locus, neither X nor its smooth locus over S will be
a weak Ne´ron model of X . But there is a way to construct a weak Ne´ron model of
X out of a weak Ne´ron model of XL with a G-action extending the Galois action
on the generic fiber. In this context we show the following theorem.
Theorem. (Theorem 3.1) Let L/K be a tame Galois extension, let X be a smooth
K-variety, and let XL be the base change of X to L. Let Y be a smooth model of XL
with a G := Gal(L/K)-action extending the Galois action on XL. Let X := Y/G
be the quotient.
Then there is a smooth model Z of X and a separated S := Spec(OK)-morphism
Φ : Z → X , such that the induced map Z(OK) → X (OK) is a bijection, and such
that for all smooth, integral S-schemes V and all dominant S-morphisms Ψ : V → X
there is a unique S-morphism Ψ′ : V → Z such that Φ ◦Ψ′ = Ψ. In particular Z is
unique.
If Y is a weak Ne´ron model of XL, then Z is a weak Ne´ron model of X.
In fact, Z is the fixed locus of some G-action on the Weil restriction of Y to S, see
Construction 3.1. The construction goes back to [Edi92], where it is used in the
context of abelian varieties and Ne´ron models.
Note that the uniqueness of Z with its properties is interesting, because in general
a weak Ne´ron model is, in contrast to a Ne´ron model, not unique.
The theorem and its proof also yield an explicit description of a weak Ne´ron model
Z of X . Having this description at hand, we can examine its special fiber Zk which
is important for finding K-rational points of X . We show the following key lemma.
Lemma. (Lemma 4.1) Let YG be the fixed locus of the G-action on Y. Then there
is a k-morphism b : Zk → YG such that for any point y ∈ YG with residue field κ(y)
the inverse image of y is isomorphic to Amκ(y) as κ(y)-schemes for some m ∈ N.
To show this lemma we use the explicit description of Z and of the G-action on
the complete local ring of a fixed point, which is examined in Lemma 7.1 and
Lemma 7.5.
There are some interesting applications of the key lemma. For example we deduce
from it that the quotient X has OK -points if and only if YG 6= ∅, see Corollary 4.4.
In fact these OK -point will pass through the image of YG in X , which in general
will be singular. Hence we obtain examples of singular models with section through
the singular locus.
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We can use the obtained results also to study certain motivic invariants, the motivic
Serre invariant and the rational volume. The motivic Serre invariant S(X) of a K-
varietyX is defined to be the class of the special fiber of a weak Ne´ron model ofX in
some quotient of the Grothendieck ring of varieties, namely in KOK0 (Vark)/(L− 1),
see Definition 5.2. The Serre invariant is interesting in the context of rational
points, because it vanishes if X has no K-rational point. From the key lemma we
deduce the following theorem.
Theorem. (Theorem 5.2) Let X be a smooth, proper K-variety. Let L/K be a
tame Galois extension, XL the base change of X to L. Let Y be a weak Ne´ron
model of XL with a good G := Gal(L/K)-action extending the Galois action on
XL. Then
S(X) = [YG] ∈ KOK0 (Vark)/(L− 1).
The rational volume s(X) of a K-variety X is defined to be the Euler characteristic
with proper support and coefficients in Ql, l 6= char(k) a prime, of the special fiber
of a weak Ne´ron model of X . The rational volume vanishes if X has no K-rational
point, too.
Theorem. (Theorem 5.4) Let X be a smooth, proper K-variety, and let L/K be a
tame Galois extension of degree qr, q a prime. Then s(X) = s(XL) mod q.
The proof of this theorem uses the fact that there is always a weak Ne´ron model
of XL with an action of Gal(L/K) extending the Galois action on XL, see Theo-
rem 2.9, as well as the equation for the Serre invariant (Theorem 5.2). Moreover,
we use the fact that for a scheme of finite type V over some field with a good action
of a q-group G, we have χc(V ) = χc(V
G) mod q. This argument goes back to
[Ser09, Section 7.2].
Finally, we can deduce the existence of rational points for some varieties with po-
tential good reduction. By definition, a K-variety X has potential good reduction
if there is a Galois extension L/K such that the base change of X to L admits a
smooth and proper model.
Corollary. (Corollary 6.1) Let X be a smooth, proper K-variety with potential
good reduction after a base change of order qr, q 6= char(k) a prime. If the Euler
characteristic of X with coefficients in Ql, l 6= char(k) a prime, does not vanish
modulo q, then X has a K-rational point.
To prove this corollary we use Theorem 5.4, and the fact that the Euler charac-
teristic with coefficients in Ql is constant on the fibers of a smooth and proper
morphism.
In addition, we obtain a similar result for the Euler characteristic with coefficients
in the structure sheaf, see Corollary 6.2. In this Corollary we need to assume that
there is a tame Galois extension L/K of prime degree, such that there is a smooth
and proper model of XL with a good G-action extending the Galois action on XL,
because we cannot use the results concerning the motivic invariants. We show di-
rectly that the G-action on this smooth and proper model of XL has a closed fixed
point, and use Corollary 4.4 to conclude that in this case the model obtained by
taking the quotient will have an OK-point inducing a K-point of X .
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Conventions. A variety over a field F is a geometrically integral, separated F -
scheme of finite type over F . We assume that an integral scheme is connected. All
schemes are assumed to be noetherian.
If U is a V -scheme, Spec(F )→ V any point. We set UF := U ×V Spec(F ).
In the entire article, let K be a complete local field with ring of integers OK ,
S := Spec(OK), and residue field k. Assume that k is algebraically closed.
2. Models with Galois Actions
Definition 2.1. Let X be a K-variety. A model of X is an integral S-scheme X
of finite type over S such that XK ∼= X .
Remark 2.1. Let X be a non-empty K-variety, and let X → S be any model of
X . Then X dominates S, so by [Har77, Chapter III, Proposition 9.7] X is flat over
S.
Remark 2.2. Let ϕ : X → S be a model of a K-variety X . Then we have maps
as follows induced by the universal property of the fiber product.
X(K) X (OK)
s //oo Xk(k)
If ϕ is proper, X (OK)→ X(K) is bijective by the valuative criterion of properness.
If ϕ is smooth, the specialization map s is surjective by [BLR90, Chapter 2.3,
Proposition 5], because OK is Henselian.
Definition 2.2. A weak Ne´ron model of a smooth K-variety X is a smooth and
separated model X → S of X , such that the natural map X (OK) → X(K) is a
bijection.
Remark 2.3. Let X be a smooth K-variety attached with a weak Ne´ron model
X → S. Then X(K) = ∅ if and only if the special fiber Xk of X → S is empty. This
is true, because by definition the natural map X (OK) → X(K) is a bijection, the
specializing map X (OK)→ Xk(k) is surjective by Remark 2.2, and k is algebraically
closed.
Remark 2.4. A weak Ne´ron model does not exist for all smooth K-varieties X .
It follows from [BLR90, Chapter 3.5, Theorem 2] that a weak Ne´ron model exists
if X is proper over K.
Note that a weak Ne´ron model is not unique. Take any weak Ne´ron model, blow up
a point in the special fiber, and then take the smooth locus of the obtained scheme.
This is again a weak Ne´ron model.
Now fix a Galois extension L/K with Galois group G := Gal(L/K). Let OL be the
ring of integers of L, T := Spec(OL). Note that k is the residue field of L. For a
general introduction to local fields and their Galois extensions we refer to [Ser79].
A Galois extension L/K is called tame, if the order of its Galois group is prime to
char(k). From [Ser79, Chapter IV, Corollary 2 and Corollary 4] we get that the
Galois group of a tame Galois extension L/K is always cyclic.
We now want to consider group actions of the Galois group. Therefore, recall the
following facts concerning group actions of an abstract finite group G.
Let U be a scheme, Aut(U) the abstract group of automorphisms of U . A G-action
on U is given by a group homomorphism µU : G→ Aut(U). If U is an affine scheme,
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i.e. U = Spec(A), then a group action on U is also given by a group homomorphism
µ#U : G→ Aut(A).
Let U , V be schemes with G-actions. We call a morphism of schemes f : U → V
G-equivariant, if for all g ∈ G we have f ◦ µU (g) = µV (g) ◦ f .
A G-action on a scheme U is called good, if every orbit is contained in an affine
open subscheme of U . By [Gro63, Expose´ V, Proposition 1.8] this is the same as
requiring a cover of U by affine, open, G-invariant subschemes.
If U is a scheme with a good G-action, then there exists a quotient π : U → U/G
in the category of schemes, see [Gro63, Expose´ V.1].
Remark 2.5. By definition of the Galois group, G acts on L, and K = LG. The
G-action of L can be restricted to OL, and OGL = OK . We call this action the
Galois action on OL. Note that Spec(L) →֒ T is G-equivariant for these actions.
Let X be a K-variety. As X is flat over K, by [Gro63, Expose´ V, Proposition 1.9],
G acts on XL such that XL → Spec(L) is G-invariant and XL/G ∼= X . We call
this action the Galois action on XL.
Remark 2.6. Let X be a K-variety. Let ϕ : Y → T be a model of XL with a
good G-action. Assume that XL →֒ Y is G-equivariant for the action on Y and the
Galois action on XL, i.e. the G-action on Y extends the Galois action on XL.
Take any h ∈ G, and let g ∈ Aut(Y) and gT ∈ Aut(T ) be its images. As the
maps XL →֒ Y, XL → Spec(L), and Spec(L) →֒ T are Gal(L/K)-equivariant, we
obtain that gT ◦ ϕ ◦ g−1 |XL= ϕ |XL . As XL ⊂ Y is open and dense, Y is reduced,
and T is separated, [GW10, Corollary 9.9] implies that gT ◦ ϕ ◦ g
−1 = ϕ, i.e. ϕ is
G-equivariant.
Let π : Y → X := Y/G be the quotient. Using that the maps in the square on the
left hand side are G-equivariant, we get the following big commutative diagram.
XL

// ((Y
ϕ

π
((

X

// X

Spec(L) //
55
T 66Spec(K) // S
Note that X is an S-scheme of finite type by [Gro63, Expose´ V, Proposition 1.5].
As X is a quotient by a finite group of the integral scheme Y, it is integral, too. As
Spec(L) →֒ T is flat, by [Gro63, Expose´ V, Proposition 1.9] we obtain
XK = Y/G×S Spec(K) ∼= Y ×S Spec(K)/G = XL/G = X.
Hence X → S is a model of X .
In general the quotient X will be singular. To see this, look at the following example.
Example 2.7. Let k be an algebraically closed field with char(k) 6= 2, and set
K := k((s)), L := k((t)) with t2 = s. Hence L/K is a tame Galois extension with
Galois group G = Z/2Z. The Galois action on k((t)) is given by
α : k((t))→ k((t)); P (t) 7→ P (−t).
Set X := A1K = Spec(k((s))[y]). The Galois action on XL = Spec(k((t))[y]) is given
by
β : k((t))[y]→ k((t))[y]; P (t, y) 7→ P (−t, y).
Look at the smoothOL = k[[t]]-scheme Y := A1k[[t]] = Spec(k[[t]][x]) with the G-action
given by
γ : k[[t]][x]→ k[[t]][x]; P (t, x) 7→ P (−t,−x).
5
Using the fact that t is invertible in k((t)), one shows that the map
XL = Spec(k((t))(y))→ YL = Spec(k((t))(x))
given by sending t to t and y to xt is a G-equivariant isomorphism. Hence Y is a
model of XL with a G-action extending the Galois action on XL.
The k[[t]]G=k[[t2]] = k[[s]] = OK-scheme
X := Y/G = Spec(k[[t]][x]G) = Spec(k[[t2]][tx, x2]) ∼= Spec(k[[s]][b, c]/(sc− b2))
is singular in (0, 0, 0), so by Remark 2.6 it X is a singular model of X .
Remark 2.8. In order to get a projective example, replace in Example 2.7X = A1K
by P1K and Y = A
1
k[[t]] by P
1
k[[t]] with a G-action given by g ∈ Aut(P
1
k[[t]]) such that
g(t, [x0 : x1]) = (−t, [−x0 : x1]).
For a givenK-varietyX and a Galois extension L/K, there exist interesting models
of XL with a good action of the Galois group as in Remark 2.6. In this context we
can show the following theorem.
Theorem 2.9. Let L/K be a Galois extension with Galois group G := Gal(L/K),
and let OL be the ring of integers of L, T := Spec(OL). Then for a given smooth
and proper K-variety X, there exists a weak Ne´ron model ϕ : Y → T of XL and a
good G-action on Y extending the Galois action on XL.
Proof. In order to prove this theorem, we need to recall how a weak Ne´ron model
is constructed. The main tool of showing that weak Ne´ron models actually exist is
the so called Ne´ron smoothening.
Definition 2.3. Let X be a smooth K-variety, and let X → S be a model
of X . A Ne´ron smoothening of X is a proper S-morphism f : X ′ → X such
that f is an isomorphism on the generic fibers, and such that the canonical map
Sm(X ′/S)(S)→ X ′(S) is bijective. Here Sm(X ′/S) is the smooth locus of X ′ over
S.
In order to prove Theorem 2.9 we need the following Lemma.
Lemma 2.10. Let Y be a smooth L-variety, let Y → T be a model of Y with a
good G-action, and assume that the structure map ϕ : Y → T is G-equivariant
for this action and the Galois action on T . Then there exists a projective Ne´ron
smoothening f : Y ′ → Y, and a good G-action on Y ′ such that f is G-equivariant.
Proof. By [BLR90, Chapter 3.1, Theorem 3] there exists a Ne´ron smoothening
f : Y ′ → Y, which consists of a finite sequence of blowups with centers in the
special fibers. We need to construct a G-action on Y ′ such that f is G-equivariant.
Note that if we blow up an integral scheme U with a good G-action in a closed G-
invariant subscheme V ⊂ U , and denote by u : U ′ → U the blowup, then there is a
G-action on U ′ such that u isG-equivariant. The reason for this is the following. Let
h ∈ G be any element, gU ∈ Aut(U) its image. As V is G-invariant, gU (V ) = V .
So by the universal property of blowup, see [Har77, Chapter II, Corollary 7.15],
there exists a unique gU ′ ∈ Aut(U ′) such that u ◦ gU ′ = gU ◦ u. This way we can
define the required group action on U ′, and u is G-equivariant by construction.
Consider f , which is a sequence of blowups, i. e. we have
Y ′ =:Ym
fm−1 //
f
44Ym−1
fm−2 // . . .
f1 // Y1
f0 // Y0 := Y.
Here the fi are blowups of some closed subschemes Vi ⊂ Yi. One checks in the
proof of [BLR90, Chapter 3.4, Theorem 2] that all the Vi are obtained using the
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same construction. Hence if we show that V := V0 ⊂ Y is G-invariant, then we
obtain a G-action on Y1 such that f0 is G-equivariant, hence ϕ◦f0 is G-equivariant,
and we can conclude inductively on the length of the sequence of blowups.
One can check in [BLR90, Chapter 3.4, Theorem 2] that V is constructed as follows.
Let E ⊂ Y(OL) be the subset of all σ ∈ Y(OL) not factoring through Sm(Y/T ),
with Sm(Y/T ) the smooth locus of Y over T . Set F 1 := E. Let s : Y(OL)→ Yk(k)
be the specialization map, and V i the Zariski closure of s(F i) in Y, and let U i ⊂ V i
be the largest open subset, such that U i is smooth over k, and that Ω1Y/T |V i is locally
free over U i. Set Ei := {a ∈ F i | s(a) ∈ U i}, and F i+1 := F i\Ei. Note that there
is a minimal t ∈ N such that F t+1 = ∅. Set V = V t.
The action of G on Y induces a G-action on Y(OL), and, as ϕ is G-equivariant, and
hence Yk ⊂ Y is G-invariant, a G-action on Yk(k). Note that s is G-equivariant.
We now show by induction that F i is G-invariant for all i.
Take any h ∈ G, let g be its image in Aut(Y), gT its image in Aut(T ). Note that
ϕ |g(Sm(Y/T ))= gT ◦ ϕ ◦ g
−1|g(Sm(Y/T ))= gT ◦ ϕ |Sm(Y/T ) ◦g
−1|g(Sm(Y/T )) .
Hence ϕ |g(Sm(Y/T )) is smooth, which implies that Sm(Y/T ) is G-invariant, hence
E = F 1 is G-invariant. So we may assume that F i is G-invariant for some i.
Consider Zi := ∩h∈Gh(V i) ⊂ V i. By construction, Zi is closed in Y and G-
invariant. As F i is G-invariant by assumption, s(F i) ⊂ V i is G-invariant, and
hence s(F i) ⊂ h(V i) for all h ∈ G, i.e. s(F i) ⊂ Zi. So by definition of the Zariski
closure, V i = Zi, hence in particular V
i is G-invariant.
Let Sm(V i) be the smooth locus of V i over k. Note that U i = Sm(V i) ∩W i, with
W i ⊂ V i the largest open subset over which Ω1Y/T |V i is locally free. As the G-
action on V i is given by isomorphisms, regular points are mapped to regular points,
hence Sm(V i) is G-invariant. Now we examine W i. Since G acts equivariantly on
Y → T , the natural map g∗(Ω1Y/T ) → Ω
1
Y/T is an isomorphism. As V
i is G-
invariant, g∗(Ω1Y/T )|V i→ Ω
1
Y/T |V i is an isomorphism, too. Altogether we obtain
Ω1Y/T |V i∩W i
∼= g∗(Ω1Y/T )|V i∩W i= g
∗(Ω1Y/T |V i∩g−1(W i)).
As the first is locally free by definition of W i, g∗(Ω1Y/T |V i∩g−1(W i)) is locally free,
too. As g is an automorphism of Y, Ω1Y/T |V i∩g−1(W i) is locally free. Hence by
definition of W i, g−1(W i) ⊂W i, i. e. W i is G-invariant. Hence U i = Sm(V i)∩W i
is G-invariant, too.
Using that s is G-equivariant, we get that Ei is G-invariant, and therefore F i+1
is G-invariant, too. So it follows by induction that for all i, F i is G-invariant, in
particular F t is G-invariant. Using the same argument as in the induction, we can
show that V t = V is G-invariant, and this is what we wanted to show.
We still need to show that the G-action on Y is good. So take any orbit in Y ′.
Its image under f will be contained in an open affine subset U ⊂ Y. As f is
projective, f−1(U) is projective over U and contains our orbit, which is finite,
because G is finite. By [Liu02, Chapter 3, Proposition 3.36.b] there is an affine
subset U ′ ⊂ f−1(U) containing every finite set of points. Hence the action on Y ′ is
good. 
In [Nic12] the following similar theorem in the context of formal schemes is proven:
Theorem. Any generically smooth, flat, separated formal OL-scheme X∞, topo-
logically of finite type over OL, endowed with a good G-action compatible with the
G-action on OL, admits a G-equivariant Ne´ron smoothening.
Now we are finally ready to prove Theorem 2.9. So let X be a smooth, proper K-
variety. In particular X is a separated S-scheme of finite type, hence by Nagata’s
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embedding Theorem, see [GW10, Theorem 12.70], there exists a proper, integral
S-scheme X and an immersion X →֒ X over S which is schematically dense. As X
is proper over K, XK is in fact isomorphic to X . Altogether, X → S is a proper
model of X .
Set XT := X×ST , and let Φ : XT → T be the projection to T . Note that Φ is proper,
and XT ×T Spec(L) = XL. By Remark 2.1, X is flat over S, therefore XT is flat
over T . Hence there cannot be a connected component of XT only supported on the
special fiber. But the generic fiber XL of XT is connected, hence XT is connected.
Hence one can check locally that XT is integral, which is straightforward to check.
Altogether, Φ : XT → T is a proper model of X.
As X → S is flat, by [Gro63, Expose´ V, Proposition 1.9] there exists a good G-
action on XT such that Φ is G-equivariant, and XT /G ∼= X . This G-action extends
the Galois action on XL by construction.
By Lemma 2.10 there exists a projective Ne´ron smoothening f : Y ′ → XT , and
a good G-action on Y ′ such that f is G-equivariant. Let Y ⊂ Y ′ be the smooth
locus of Φ ◦ f . Set ϕ := Φ ◦ f |Y . Note that ϕ is separated. We have the following
commutative diagram.
Y
ϕ
✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
  // Y ′
f

XT
Φ

T
Note that XL is smooth, because X is smooth. As f is a Ne´ron smoothening,
Y ′L = XT ×T Spec(L) = XL. Hence Y
′
L is in particular smooth over T , so YL =
Y ′L = XL. As XT is integral, Y
′ and Y are integral, too. Hence ϕ : Y → T is
a smooth and separated model of XL. As Φ and f are proper, by the valuative
criterion of properness the natural map Y ′(OL)→ XL(L) is a bijection. As f is a
Ne´ron smoothing, Y ′(OL) = Y(OL). So ϕ : Y → T is a weak Ne´ron model of XL.
We still need to show that there is a good G-action on Y extending the Galois
action on XL. As f is G-invariant for the G-action on Y ′ and XT , the G-action Y ′
extends the Galois action on XL. So it suffices to show that this G-action restricts
to Y, i.e. that Y ⊂ Y ′ is G-invariant. To show this, we can simply use the proof in
the base case of the induction in Lemma 2.10. Note that the action is good for the
following reason. Take any orbit in Y. As the action on Y ′ is good, it is contained
an open affine subset U ⊂ Y ′. So it is contained in U ∩ Y, which is open in U .
So by [Liu02, Chapter 3, Proposition 3.36.b] there is an affine subset U ′ ⊂ U ∩ Y
containing our finite orbit. 
In [EN11, Proposition 4.5] the following similar statement is proven.
Proposition. Let G be any finite group, X a smooth and proper K-variety, en-
dowed with a good G-action. Then there is a weak Ne´ron model X → S of X
endowed with a good G-action, such that X →֒ X is G-equivariant.
3. A Canonical Weak Ne´ron Model of a Quotient Scheme
Theorem 3.1. Let L/K be a tame Galois extension, G := Gal(L/K). Let OL be
the ring of integers of L, T := Spec(OL). Let X be a smooth K-variety, and let
ϕ : Y → T be a smooth model of XL with a good G-action extending the Galois
action on XL. Let X := Y/G be the quotient.
Then there is a smooth model Z → S of X and a separated S-morphism Φ : Z → X ,
such that the induced map Z(S)→ X (S) is a bijection, and such that for all smooth
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integral S-schemes V and all dominant S-morphisms Ψ : V → X there is a unique
S-morphism Ψ′ : V → Z making the following diagram commutative.
V
Ψ′
  ❅
❅❅
❅❅
❅❅
❅
Ψ

Z
Φ~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
X
In particular Z is unique with this property up to a unique isomorphism.
If Y → T is a weak Ne´ron model of XL, then Z → S is a weak Ne´ron model of X.
Proof. The proof consists of six steps. First we will give the construction of Z as
a functor of schemes, then we construct Φ as a morphism of functors. In the third
step we will show that Z is represented by a smooth S-scheme. Thereafter we show
the properties of Φ, namely that it is separated and that the map Z(S) → X (S)
induced by Φ is an isomorphism. Afterwards we show the universal property. In
the final step we consider the case that Y is a weak Ne´ron model of XL.
Construction of Z. We now construct Z. The construction can be found in [Edi92],
where it is used in the context of abelian varieties.
Definition 3.1. TheWeil restriction of a T -scheme U to S is defined as the functor
ResT/S(U) : (Sch /S)→ (Sets)
W 7→ HomT (W ×S T, U).
Definition 3.2. Let V be an S-scheme with a G-action, such that the structure
map is G-equivariant for this action and the trivial action on S. We define the
functor of fixed points by
V G : (Sch /S)→ (Sets)
W 7→ V (W )G = HomS(W,V )
G.
By [Edi92, Proposition 3.1] this functor is represented by a subscheme of V . We
call this scheme the fixed locus of the G-action on V .
Note that G is a finite cyclic group, because L/K is a tame Galois extension.
Therefore every G-action is given by one automorphism.
Construction 3.1. [Edi92, Construction 2.4 and Theorem 4.2]
Fix a generator of G, and let g ∈ Aut(Y) and gT ∈ Aut(T ) be its images. Then
g˜ ∈ Aut(ResT/S(Y)), which maps f ∈ HomT (W ×S T,Y) to g ◦ f ◦ (idW ×gT )
−1
for every W ∈ (Sch /S), defines a G-action on ResT/S(Y). It is easy to see that g˜
is an S-morphism. Therefore the structure map ResT/S(Y) → S is G-equivariant
for the G-action on ResT/S(Y) and the trivial G-action on S. Define
Z : (Sch /S)→ (Sets)
W 7→ (ResT/S(Y))
G(W ) = HomT (W ×S T,Y)
G.
Note that HomT (W×ST,Y)G is the set of G-equivariant T -morphisms fromW×ST
to Y.
Construction of Φ. View X and Z as functors from the category of flat S-schemes
to the category of sets. We now construct a morphism of functors Φ : Z → X . As
soon as we will have shown that Z is in fact representable by a flat S-scheme, this
will yield an S-morphism of schemes by Yoneda’s lemma for the category of flat
S-schemes.
9
We need to construct maps Φ(W ) : Z(W ) = HomT (W ×S T,Y)G → X (W ) for all
flat W ∈ (Sch /S), and show that they are functorial. Take any f ∈ Z(W ). Let
π : Y → X be the quotient map. We have the following commutative diagram.
Y
π
❄
❄❄
❄❄
❄❄
ϕ

W ×S T
f
;;✇✇✇✇✇✇✇✇✇
//
pW

T

X
⑧⑧
⑧⑧
⑧⑧
⑧⑧
W
f ′
66❧❧❧❧❧❧❧❧❧ // S
As W → S is flat, [Gro63, Expose´ V, Proposition 1.9] implies that the projection
map pW : W ×S T → W is the quotient of the G-action on W ×S T given by
idW ×gT . As f = g ◦ f ◦ (idW ×gT )−1, and π is G-equivariant for the G-action
on Y and the trivial action on X , we get (π ◦ f) ◦ (idW ×gT ) = π ◦ g ◦ f = π ◦ f .
Hence π ◦ f is G-equivariant for the G-action on W ×S T and the trivial action
on X , and therefore, by the universal property of the quotient pW :W ×S T →W
we obtain a unique f ′ ∈ X (W ) making the diagram above commutative. We set
Φ(W )(f) := f ′. It is easy to check that this map is functorial.
View XK ∼= X as a presheaf on the category of K-schemes. We now construct an
inverse map of functors Φ |ZK
−1
: X → ZK ⊂ Z. Take any W ∈ (Sch /K). Note
that W ×S T ∼= WL, hence
ZK(W ) = HomT (W ×S T,Y)
G = HomT (WL,Y)
G = HomL(WL, XL)
G.
Take any h ∈ X(W ), and consider the following diagram with pL and pW the
projection maps.
WL
pL
''
h∗
$$■
■
■
■
■
h◦pW

XL
π|XL //
ϕ|XL

X

Spec(L)

// Spec(K)
As h is a K-morphism, the diagram commutes, and hence the universal property
of fiber product induces a unique h∗ ∈ HomL(WL, XL) with π ◦h∗ = h◦pW . Using
that h∗ is unique, one can easily show that it is actually G-equivariant, hence we
may set Φ |ZK
−1
(W )(h) := h∗. It is straightforward to check functoriality and the
fact that Φ |ZK
−1 ◦ Φ |ZK= idZK , and Φ ◦ Φ |ZK
−1
= idX .
Representability of Z. Now we are ready to show that Z is actually represented
by an S-scheme. Unfortunately we cannot show that ResT/S(Y) is representable
using [BLR90, Chapter 7.6, Theorem 4], because as Y does not need to be quasi-
projective, we cannot show that every finite set of points in Y is contained in an
affine subset of Y. Therefore we show directly that Z is representable by using
methods from the proof of [BLR90, Chapter 7.6, Theorem 4].
Note that if U ⊂ Y is open and G-invariant, then ResT/S(U)
G is well defined,
and moreover there is a natural map of functors ResT/S(U)
G → ResT/S(Y)
G, be-
cause HomT (W ×S T, U)G(W ) is a subset of HomT (W ×S T,Y)G(W ). By [BLR90,
Chapter 7.6, Proposition 2] the morphism of functors ResT/S(U) → ResT/S(Y) is
an open immersion. As
ResT/S(U)
G ∼= ResT/S(Y)
G ×ResT/S(Y) ResT/S(U),
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and as open immersion are stable under base change, ResT/S(U)
G → ResT/S(Y)
G
is an open immersion.
Let ∪Ui = Y be a cover of Y by affine, G-invariant open subsets, which exists,
because the G-action on Y is good. Consider any Ui. As T → S is finite and flat,
and Ui is affine, by [BLR90, Chapter 7.6, Theorem 4], ResT/S(Ui) is represented
by a scheme, and by [Edi92, Proposition 3.1], (ResT/S(Ui))
G is represented by
a subscheme of ResT/S(Ui). As ResT/S(YL)
G ∼= X as functors, ResT/S(YL)
G is
representable by the scheme X .
If U, V ⊂ Y are two open, G-invariant subsets, then U ∩ V ⊂ Y is also an open,
G-invariant subset, and the open immersions ResT/S(U ∩ V )
G → ResT/S(U)
G
and ResT/S(U ∩ V )
G → ResT/S(U)
G define a gluing data for ResT/S(U)
G and
ResT/S(V )
G. On computes that in fact
(1) ResT/S(U)
G ×Z ResT/S(V )
G = ResT/S(U ∩ V )
G.
Let S be the scheme constructed by gluing X and the ResT/S(Ui)
G as explained
above. We get a map ι : S → Z, because the gluing data is compatible with the
open immersions X → Z and ResT/S(Ui)
G → Z. As ι |X and the ι |ResT/S(Ui)G are
open immersions, and equation (1) holds pairwise for X and the ResS/T (Ui)
G, ι is
an open immersion.
We now want to show that ι is an equivalence of functors. Considering the last
paragraph of the proof of [BLR90, Chapter 7.6, Theorem 4] it suffices to show
the following. For every field F with a map Spec(F ) → S every T -morphism
f : Spec(F ) ×S T → Y factors either through XL or through one of the Ui. If F
lies over K, f will factor through XL. If F lies over k, f(Spec(F ) ×S T ) will only
be a point topologically, so f will factor through every open neighborhood of that
point. As the Ui cover Y, there is a Ui through which f factors.
Altogether ι is an equivalence of functors, and therefore Z is represented by the
S-scheme S.
Now we show that Z is a smooth S-scheme. Note that it suffices to check smooth-
ness locally. By construction of the scheme representing Z, every point in Z lies
either in X ∼= ZK , or in ResT/S(Ui)
G for some i. By assumption X is smooth over
S. Moreover Y is smooth over T , i.e. in particular the Ui ⊂ Y are smooth over T .
Hence by [BLR90, Chapter 7.6, Proposition 3], the ResT/S(Ui) are smooth over S.
So by [Edi92, Proposition 3.4] the ResT/S(Ui)
G are smooth over S. Altogether Z
is smooth over S.
We have seen that X ∼= ZK , and X is integral by assumption. As Z is smooth
over S, it is reduced, and flat over S, so there is no irreducible component only
supported on the special fiber. Altogether Z is integral. This yields that Z → S is
a smooth model of X .
Properties of Φ. In order to show that Φ is separated, take any valuation ring R
with quotient field Q, and any two morphisms f1, f2 ∈ Hom(Spec(R),Z) such that
f1 |Spec(Q)= f2 |Spec(Q), and Φ ◦ f1 = Φ ◦ f2. Let x ∈ X be the image of the closed
point of R. As R is a valuation ring, Φ ◦ f1 = Φ ◦ f2 will factor through every
open neighborhood of x, so we may assume that it factors through Spec(AGi ) ⊂ X
for some G-equivariant affine subset Ui = Spec(Ai) ⊂ Y. Hence the fi factor
through Φ−1(Spec(AGi ))
∼= ResS/T (Ui)
G. By [BLR90, Chapter 7.6, Proposition 5]
and [Edi92, Proposition 3.1], ResS/T (Ui)
G is separated over S, hence f1 = f2. So
by the valuative criterion of separateness, Φ is separated.
Now look at Z(S) = HomT (T,Y)G = {σ ∈ HomT (T,Y) | g ◦ σ ◦ gT−1 = σ}. Let
πT : T → S be the quotient map induced by the Galois action on T . Note that
Φ(S) : Z(S)→ X (S) maps σ ∈ Z(S) to σG ∈ X (S) with σG ◦ πT = π ◦ σ.
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Take any σG ∈ X (S). Let σ′G : Y×X S → X be the pullback of σG, π
′ : π−1(S)→ S
the pullback of π, and set ϕ′ := ϕ◦σ′G. By the universal property of the fiber prod-
uct, we have a one to one correspondence of sections σ of ϕ with π ◦ σ = σG ◦ πT ,
and sections σ′ of ϕ′ with π′ ◦ σ′ = πT . Note that πT ◦ ϕ
′ = π′, πT is separated,
and π′ is proper, because π is a quotient map and hence proper. So ϕ′ is proper by
[GW10, Proposition 12.58]. Hence without loss of generality we may assume that
ϕ is proper.
By assumption, YL ∼= X ×S Spec(L), hence σG induces a unique section σ′ of ϕ |YL
with π ◦ σ′ = σG ◦ πT |Spec(L). As ϕ is proper, we get a unique section σ of ϕ with
σ |Spec(L)= σ
′. As S is separated, π ◦ σ = σG ◦ πT . We still need to show that
σ ∈ Z(S), i. e. that σ = g ◦ σ ◦ gT−1. Therefore one shows that g ◦ σ ◦ gT−1 is a
section of ϕ and π◦g◦σ◦gT−1 = σG◦πT , and one concludes using the uniqueness of
σ with this properties. Hence σ is the unique element in Z(S) with Φ(S)(σ) = σG,
i.e. Φ(S) is bijective.
Universal property. Now let V be a smooth, integral S-scheme and let Ψ : V → X
be a dominant S-morphism. Assume that there exists a Ψ′ : V → Z such that
Φ ◦ Ψ′ = Ψ. As Ψ is an S-morphism, it maps VK to X ∼= XK . We have already
seen that Φ|ZK : ZK → X is an isomorphism with inverse map Φ |ZK
−1. Therefore
we have Ψ′|VK= Φ |ZK
−1 ◦Ψ|VK . As VK is open and dense in V , V is reduced, and
Z is separated over X , Ψ′ is unique on V by [GW10, Corollary 9.9].
Now we construct Ψ′. First we need to show some facts concerning Y and the
G-action on Y. Consider XT := X ×S T and the following diagram.
Y
h
  ❆
❆
❆
❆
ϕ
%%
π

XT
pX //
pT

X

T
πT
//

S
Here pX and pT are the projection maps. Note that the diagram commutes, so there
is a unique h with pT ◦ h = ϕ and pX ◦ h = π. As pX and π are finite, by [GW10,
Proposition 12.11] h is finite, too. As X is flat over S, the G-action on T induces a
G-action on XT such that pT is G-equivariant and XT /G = X , see [Gro63, Expose´
V, Proposition 1.9]. As ϕ and pT are G-equivariant, h is G-equivariant, too.
Let n : XnT → XT be the normalization. By assumption, Y is integral and smooth
over T , so in particular normal. As YL = XL = XL, h is generically an isomor-
phism, and therefore dominant. So the universal property of normalization induces
a unique morphism s : Y → XnT such that n◦ s = h. Note that s is finite, because h
and n are finite, and an isomorphism on XL ⊂ Y. Altogether s is a finite birational
morphism between integral normal schemes. That means, by [GW10, Corollary
12.88] it is an isomorphism. So we may assume that h = n and Y = XnT .
Back to V and Ψ. Consider the following cartesian diagram.
VT
ΨT
~~⑥
⑥
⑥
⑥
πV //
p

V
Ψ

Y
n
// XT //

X
with VT := V ×S T = V ×X XT , πV and p the projection maps. As V is smooth
over S, so in particular flat, the G-action on T induces a G-action on VT such that
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VT → T is G-equivariant and VT /G = V , see [Gro63, Expose´ V, Proposition 1.9].
By construction p is G-equivariant.
It might happen that VT is not connected. Let VT = U1 ⊔ · · · ⊔ Um, with Ui ⊂ VT
the connected components. As V = VT /G is connected, G acts transitively on the
connected components. As Ψ is dominant, the same holds for p. Note that XT
is connected, because it is flat over T and generically isomorphic to the L-variety
XL. Hence there exists at least one component Ui such that p |Ui is dominant.
As G acts transitively on VT and p is G-equivariant, p |Uj is dominant for every
component Uj . By assumption V is smooth over S, so VT is smooth over T . Hence
every component Ui of VT is normal. So by the universal property of normalization
there are unique morphisms ΨT |Ui : Ui → Y such that n ◦ ΨT |Ui= p |Ui . This
defines a unique morphism ΨT on all of VT such that n ◦ΨT = p. As p and n are
G-equivariant, ΨT is G-equivariant, too.
Take anyW ∈ (Sch /S), f ∈ V(W ). By the universal property of the fiber product,
there is a unique f˜ ∈ HomT (W ×S T,VT ) such that f ◦ pW = πV ◦ f˜ .
One checks easily that f˜ is G-equivariant. Set Ψ′(f) := ΨT ◦ f˜ . As ΨT is G-
equivariant, Ψ′(f) ∈ Z(W ). It is easy to check that this defines a map of functors,
so we obtain an S-morphism Ψ ∈ HomS(V ,Z).
We still need to check that Ψ = Φ ◦ Ψ′. Therefore it suffices to check that for all
f ∈ V(W ), W ∈ (Sch /S) flat, Ψ(f) = Φ ◦Ψ′(f) . Note that the following diagram
commutes.
V
Ψ

VT
ΨT //
πV
22
Y

π
✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴
W
f
--
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚
Φ(Ψ′(f))
44
W ×S T
f˜
OO
Ψ′(f)
;;✇✇✇✇✇✇✇✇✇
//pWoo T

S Xoo
One observes that Φ(Ψ′(f)) = Ψ ◦ f = Ψ(f), which we wanted to show.
We still need to check that Z is unique up to a unique isomorphism with its prop-
erties. Assume there is a Z ′ and a morphism Φ′ : Z ′ → X having the same
properties as Z and Φ. So we get unique morphisms α : Z → Z ′ and α′ : Z ′ → Z
with Φ ◦ α′ = Φ′ and Φ′ ◦ α = Φ. Note that Φ ◦ (α′ ◦ α) = Φ′ ◦ α = Φ. But idZ is
unique with Φ ◦ idZ = Φ, so α
′ ◦ α = idZ . Similarly one gets α ◦ α
′ = idZ′ . So α is
the unique isomorphism over X of Z and Z ′.
The case that Y is a weak Ne´ron model. Assume that ϕ : Y → T is a weak Ne´ron
model of XL. Hence ϕ is separated, so by [Gro63, Expose´ V, Proposition 1.5] X is
separated over S. As Φ is separated, Z → S is separated, too. Hence to show that
Z → S is a weak Ne´ron model of X , we still need to show that
Z(S) = HomT (T,Y)
G → ZK(K) = HomL(Spec(L), XL)
G ∼= X(K)
is a bijection. This map is injective, because Y is a separated T -scheme. Take
any σ′ ∈ ZK(K). As Y is a weak Ne´ron model of XL, Y(T ) ∼= XL(L), so there
is a σ ∈ HomT (T,Y) with σ |Spec(L)= σ
′. As g−1T maps Spec(L) to itself, we get
g ◦ σ ◦ g−1T |Spec(L) σ |Spec(L). As Y is a separated T -scheme, g ◦ σ ◦ g
−1
T = σ,
i. e. σ ∈ Z(S). Hence the map Z(S)→ ZK(K) is surjective.

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In [Edi92, Theorem 4.2] the following statement is proven:
Theorem. Let L/K be a tame Galois extension, OL the ring of integers of L,
and T := Spec(OL). Let X be an abelian variety over K. Then there is a good
Gal(L/K)-action on the Ne´ron model ϕ : Y → T of XL extending the Galois
action on XL, and Z → S given by Construction 3.1 is the Ne´ron model of X.
Note that the Ne´ron model of an Abelian variety is uniquely determined by a
universal property. In [Edi92] this universal property is used to show that Z is
the Ne´ron model of X . As we do not have a universal property for weak Ne´ron
models in general, we had to use different methods to prove the universal property
in Theorem 3.1.
Moreover, Ne´ron models of Abelian Varieties are quasi-projective. In Theorem 3.1
we do not assume that Y is quasi-projective, which makes the proof of the repre-
sentability of Z less straightforward.
Remark 3.2. If we do not assume that ϕ is smooth in Theorem 3.1, we can modify
Construction 3.1 by considering Sm(Y/S), the smooth locus of Y over S, instead of
Y. This is well defined, because the G-action restricts to Sm(Y/S). We will get a
smooth model of X with an S-morphism Φ as in Theorem 3.1. Note that the map
Φ(S) : Z(S)→ X (S) will be injective in this case, but in general not surjective.
Nevertheless, if we assume that the smooth locus of Y over S is a weak Ne´ron model
of XL, the modified Z will be a weak Ne´ron model of X . This is in particular the
case if Y is regular and ϕ is proper.
Remark 3.3. If we do not assume in Theorem 3.1 that the Galois extension L/K
is tame, we cannot show that Z is smooth, because then [Edi92, Proposition 3.4]
does not hold, see [Edi92, Example 4.3].
4. Local Studies
4.1. Main Lemma.
Lemma 4.1. Assumption and notation as in Theorem 3.1. Let YG be the fixed
locus of the G-action on Y. Then there is a k-morphism
b : Zk → Y
G
such that for every point y ∈ YG with residue field κ(y) the inverse image of y is
isomorphic to Amκ(y) as κ(y)-schemes for some m ∈ N.
Proof. As L/K is a tame Galois extension, G = Z/rZ with r prime to char(k).
Let the G-action on Y be given by g ∈ Aut(Y), and that on T by gT ∈ Aut(T ).
By [Edi92, Proposition 3.1], YG is a closed subscheme of Y. Take any S-scheme
W , f ∈ YG(W ). Then gT ◦ ϕ ◦ f = ϕ ◦ g ◦ f = ϕ ◦ f , i.e. ϕ ◦ f ∈ TG(W ) As
TG = Spec(k), YG is a closed subscheme of Yk ⊂ Y, so in particular a k-scheme of
finite type.
To construct b, let W ∈ (Sch /k) be any k-scheme, w :W → Spec(k) the structure
map. Recall the construction of Z in Construction 3.1. Set
b(W ) : Zk(W ) = HomT (W ×S T,Y)
G → YG(W ); f 7→ f ◦ iW
with iW : W →֒ W ×S T the inclusion of the special fiber. By construction,
b(W )(f) ∈ HomT (W,Y). We have g ◦ f ◦ iW = f ◦ (idW ×gT ) ◦ iW = f ◦ iW . Here
the first equation holds, because f is G-equivariant, and the second, because the
action on the special fiber iW (W ) ⊂ W ×S T is trivial. Hence b(W )(f) ∈ YG(W ).
It is obvious that b is functorial, so we get the required k-morphism.
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Let y ∈ YG be any point with residue field κ(y), jy : Spec(κ(y)) →֒ YG ⊂ Y be the
immersion of the point y. Note that b−1(y) is defined by the following cartesian
diagram.
b−1(y) //


Zk
b

Spec(κ(y))
jy
// YG
Take any affine κ(y)-scheme W = Spec(A) ∈ (Sch /κ(y)) with structure map
ω :W → Spec(κ(y)). By the universal property of the fiber product we obtain
b−1(y)(W ) = {f ∈ Zk(W ) | b ◦ f = jy ◦ ω}
= {f ∈ HomT (W ×S T,Y)
G | f ◦ iW = jy ◦ ω}.
As YG is a subscheme of Yk, W is a k-scheme with structure map ϕ ◦ jy ◦ ω.
Recall that G acts on HomT (W ×S T,Y) by sending f ∈ HomT (W ×S T,Y) to
g ◦ f ◦ (idW ×gT )−1. Set R := OL. Hence RG = OK . We have
W ×S T =W ×Spec(k) Spec(k)×S T = W ×Spec(k) Spec(k ⊗RGR)
∼= Spec(A⊗k k[t]/(t
r)) = Spec(A[t]/(tr)).
To compute k ⊗RG R we use Lemma 7.5. This lemma also implies that
α := (id×gT )
# : A[t]/(tr)→ A[t]/(tr); p(t) 7→ p(µt)
for a primitive r-th root of unity µ ∈ k ⊂ κ(y). Note that
rW := i
#
W : A[t]/(t
r)→ A; p(t) 7→ p(0).
One observes that f sends all points in Spec(A[t]/(tr)) to y ∈ Y, so it factors
uniquely through Spec(OY,y), i. e. there is a unique morphism f˜ such that the
following diagram commutes.
Spec(OY,y)
j

Spec(A[t]/(tr))
f
//
f˜
66♥♥♥♥♥♥♥♥♥♥♥♥
Y
Let ry := i
#
y : OY,y → κ(y) be the residue map. Note that j ◦ iy = jy. As
f ◦iW = jy ◦ω, we get that j◦ f˜ ◦iW = j◦iy ◦ω. The fact that j is a monomorphism
implies that f˜ ◦ iW = iy ◦ ω.
As y lies in YG, there is an induced G-action on Spec(OY,y) given by some map
g˜ ∈ Aut(Spec(OY,y)) with g˜r = id and αy ∈ Aut(OY,y) with αry = id, respectively,
such that j is G-equivariant. Hence f = g ◦ f ◦ (idW ×gT )
−1 implies that
j ◦ (g˜ ◦ f˜ ◦ (idW ×gT )
−1) = g ◦ j ◦ f˜ ◦ (idW ×gT )
−1 = f.
As f˜ is unique with this property, g˜ ◦ f˜ ◦ (idW ×gT )−1 = f˜ .
Assume that f˜ ∈ HomT (Spec(A[t]/(tr)), Spec(OY,y)) with f˜ ◦ iW = iy ◦ ω, and
g˜ ◦ f˜ ◦ (idW ×gT )−1 = f˜ . Then f := j ◦ f˜ ∈ HomT (Spec(A[t]/(tr)),Y), and we have
that g ◦ f ◦ (idW ×gT )−1 = f as well as f ◦ iW = jy ◦ ω. Altogether, we obtain
b−1(y)(W ) = {f˜ ∈ HomT (Spec(A[t]/(t
r)), Spec(OY,y))
| f˜ ◦ iW = iy ◦ ω and g˜ ◦ f˜ ◦ (idW ×gT )
−1 = f˜}
= {a ∈ HomR(OY,y, A[t]/(t
r))
| rW ◦ a = ω
# ◦ ry and α
−1 ◦ a ◦ αy = a}.
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Now consider OGY,y. Note that, as OY,y is an R-module, it contains lifts of all roots
of unity and hence by Remark 7.2 we get that Remark 7.4 and Lemma 7.5 hold.
Let iG : OGY,y →֒ OY,y be the inclusion, and r
G
y : O
G
Y,y → κ(y) the residue map. We
have rGy = ry ◦ i
G. Consider the following diagram.
A[t]/(tr)
OY,y
a
//
ρ1 // OY,y ⊗OG
Y,y
κ(y)
a˜
77♦
♦
♦
♦
♦
♦
OGY,y
?
iG
OO
rGy
// κ(y)
ρ2
OO
i0◦ω
#
II
(2)
Here a ∈ b−1(y)(W ) as described before, ρ1 and ρ2 are the morphisms we get
from the definition of tensor product, and i0 : A → A[t]/(tr); c 7→ c. Note that
rW ◦ i0 = id, and i0 ◦ rW |i0(A)= id. One observes that for every u ∈ O
G
Y,y,
(α−1 ◦ a)(u) = (α−1 ◦ a ◦ αy)(u) = a(u). Set a(u) =
∑r−1
i=0 ait
i for some ai ∈ A.
Hence (α−1 ◦ a)(u) =
∑r−1
i=0 µ
−iait
i. Comparing coefficients yields a(u) = a0,
i. e. a(OGY,y) ⊂ i0(A). Using in addition that r
G
y = ry ◦ i
G and rW ◦ a = ω# ◦ ry, we
obtain
i0 ◦ ω
# ◦ rGy = i0 ◦ ω
# ◦ ry ◦ i
G = i0 ◦ rW ◦ a ◦ i
G = i0 ◦ rW |i0(A) ◦a ◦ i
G = a ◦ iG.
Hence by the universal property of tensor product there is a unique a˜ such that
diagram (2) commutes.
Now, G acts on OY,y ⊗OG
Y,y
κ(y) given by α˜y ∈ Aut(OY,y ⊗OG
Y,y
κ(y)), such that ρ1
and ρ2 are G-equivariant, see Lemma 7.5. As α
−1 ◦ a ◦ αy = a, we get
(α−1 ◦ a˜ ◦ α˜y) ◦ ρ1 = α
−1 ◦ a˜ ◦ ρ1 ◦ αy = a
and, using that G acts trivially on i0(A), we obtain
(α−1 ◦ a˜ ◦ α˜y) ◦ ρ2 = α
−1 ◦ a˜ ◦ ρ2 = α
−1 ◦ i0 ◦ ω
# = i0 ◦ ω
#.
As a˜ is unique with these properties, α−1 ◦ a˜ ◦ α˜y = a˜.
Denote by r˜ : k ⊗RGR ∼= k[t]/(t
r) → A⊗k k ⊗RGR ∼= A[t]/(t
r) the canonical map
given by the properties of the tensor product. We have r˜(t) = t. The R-structure
of A[t]/(tr) is given by r˜ ◦ ρR, with ρR : R → k ⊗RG R the canonical map. The
R-structure of OY,y is given by βy := (ϕ ◦ j)#. As a is an R-morphism, we obtain
the following commutative diagram.
k[t]/(tr)
β˜y
✤
✤
✤
r˜
ww♦♦♦
♦♦♦
♦♦♦
♦♦♦
R
βy

ρRoo
A[t]/(tr) OY,y ⊗OG
Y,y
κ(y)
a˜oo OY,y
ρ1oo
a
kk
(3)
By Remark 7.4, RG ⊂ R is a local subring having the same residue field as R. As
βy is G-equivariant, it maps R
G to OGY,y.
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It is easy to check that the following diagram commutes.
κ(y)⊗OG
Y,y
OY,y OY,y
ρ1oo
κ(y)
ρ2
OO
k ⊗RGR
β˜y
gg❖
❖
❖
❖
❖
R
ρRoo
βy
cc●●●●●●●●●●
k
5 U
ggPPPPPPPPPPPPPP
OO
RG
 ?
OO
oo
βy|RG
!!❉
❉❉
❉❉
❉❉
❉❉

OGY,y
iG
ll
rGy
ZZ
Hence the universal property of tensor product induces a unique k-morphism β˜y
with β˜y ◦ ρR = ρ1 ◦ βy. Looking at diagram (3) again, we get
r˜ ◦ ρR = a ◦ βy = a˜ ◦ ρ1 ◦ βy = a˜ ◦ β˜y ◦ ρR.
As ρR is surjective, r˜ = a˜ ◦ β˜y, i. e. a˜ preserves the k[t]/(tr)-structure given by β˜y
on OY,y ⊗OG
Y,y
κ(y), and on A[t]/(tr) given by r˜.
Using the universal property of the tensor product, and that ry ◦ iG = rGy , we get a
unique morphism r˜y : OY,y⊗OG
Y,y
κ(y)→ κ(y), such that r˜y ◦ ρ1 = ry and r˜y◦ρ2 = id.
Using that rW ◦ a = ω# ◦ ry, we get
(rW ◦ a˜) ◦ ρ1 = rW ◦ a and (ω
# ◦ r˜y) ◦ ρ1 = ω
# ◦ ry = rW ◦ a,
(rW ◦ a˜) ◦ ρ2 = rW ◦ i0 ◦ ω
# = ω# and (ω# ◦ r˜y) ◦ ρ2 = ω
#.
Moreover, rW ◦a◦ i
G = rW ◦ i0◦ω
# ◦rGy = ω
# ◦rGy , hence by the universal property
of the tensor product there is a unique morphism v : OY,y⊗OG
Y,y
κ(y)→ A such that
v ◦ ρ1 = rW ◦ a and v ◦ ρ2 = ω#, in particular rW ◦ a˜ = v = ω# ◦ r˜y, meaning that
a˜ is a κ(y)-morphism.
Note that for a given morphism a˜ ∈ Homk[t]/(tr)(OY,y⊗OG
Y,y
κ(y), A[t]/(tr)), we have
that a := a˜◦ρ1 ∈ HomR(OY,y, A[t]/(tr)). If α−1◦a˜◦α˜y = a˜, then α−1◦a◦αy = a. If
we assume furthermore that rW ◦ a˜ = ω# ◦ r˜y, then rW ◦a = ω# ◦ ry. So altogether
b−1(y)(W ) = {a˜ ∈ Homk[t]/(tr)(OY,y ⊗OG
Y,y
κ(y), A[t]/(tr))
| a˜ ◦ ρ2 = i0 ◦ ω
# and rW ◦ a˜ = ω
# ◦ r˜y and α
−1 ◦ a˜ ◦ α˜y = a˜}.
Note that a˜ ◦ ρ2 = i0 ◦ ω# is actually redundant.
By Lemma 7.5, OY,y ⊗OG
Y,y
κ(y) ∼= κ(y)[x0, . . . , xm]/I,
α˜y(p(x0, . . . , xm)) = p(µ
ℓ0x0, . . . , µ
ℓmxm)
for p(x0, . . . , xm) ∈ κ(y)[x0, . . . , xm]/I, µ ∈ k ⊂ κ(y) a primitive r-th root of unity,
ℓi ∈ {1, . . . , r − 1}, m ∈ N, and I ⊂ κ(y)[x0, x1, . . . , xm] is the ideal generated by
monomials of the form xs00 . . . x
sm
m such that ℓ0s0 + · · ·+ ℓmsm = rs, s ∈ N.
We now want to show that we can assume that x0 = β˜y(t). By Lemma 7.1 there
is a local parameter t′ ∈ R with g#T (t
′) = µt′, µ ∈ R a primitive r-th root
of unity. Looking at the proof of Lemma 7.5 we may assume that ρR(t
′) = t,
i.e. β˜y(t) = β˜y ◦ ρR(t′) = ρ1 ◦ βy(t′). So looking again at the proof of Lemma 7.5
it suffices to find a regular system of parameters y0, . . . , ym′ ∈ OY,y such that
αy(yi) = µ
ℓiyi, ℓi ∈ {0, . . . , r − 1}, ℓ0 6= 0, and y0 = βy(t′) =: t˜. Note that
αy(t˜) = βy(g
#
T (t
′)) = µt˜. Hence using Lemma 7.1 it suffices to show that t˜ ∈ my,
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and t˜ 6= 0 mod m2y for the maximal ideal my ⊂ OY,y. As y lies in Y
G ⊂ Yk,
t˜ ∈ my. Let U = Spec(C) ⊂ Y be an affine neighborhood of y, p ⊂ C the defining
prime ideal of y. Choose a maximal ideal m ⊂ C with p ⊂ m, let y′ be the cor-
responding closed point. By [Gro67, Proposition 17.5.3], OˆY,y′ ∼= R[[y˜1, . . . , y˜n]] as
R-module. So t˜ 6= 0 ∈ OˆY,y′/m2 ∼= OY,y′/m2. As p ⊂m, t˜ 6= 0 ∈ OY,y′/OY,y′p2. As
OY,y′/OY,y′p2 ⊂ OY,y/m2y as R-modules, we have t˜ 6= 0 mod m
2
y. This is what we
wanted to show, so we may assume that β˜y is the k-morphism sending t ∈ k[t]/(tr)
to x0.
Now chose any a˜ ∈ b−1(y)(W ). For j ∈ {1, . . . ,m} we have
a˜(xj) =
r−1∑
i=0
aijt
i ∈ A[t]/(tr)
for some aij ∈ A. Using rW ◦ a˜ = ω# ◦ r˜y , we obtain
a0j = rW (a˜(xj)) = ω
#(r˜y(xj)) = ω
#(0) = 0.
From α−1 ◦ a˜ ◦ α˜ = a˜ we get
r−1∑
i=1
µℓj−iaijt
i = (α−1 ◦ a˜ ◦ α˜y)(xj) = a˜(xj) =
r−1∑
i=1
aijt
i.
Comparing coefficients yields that either aij = 0, or µ
ℓj−i = 1. As i and ℓi lie
in {1, . . . , r − 1}, the latter is equivalent to i = ℓj . As a˜ preserves the k[t]/(tr)-
structure, i. e. a˜◦ β˜y = r˜, we get that a˜(x0) = t. So using that a˜ is a κ(y)-morphism,
i. e. that a˜ ◦ ρ2 = i0 ◦ w#, we get that
(4) a˜(p(x0, x1, . . . , xm)) = p(t, a1t
ℓ1 , . . . , amt
ℓm)
for all p(x0, x1, . . . , xm) ∈ κ(y)[x0, x1, . . . xm]/I, and for some ai ∈ A.
Let a˜ : κ(y)[x0, x1, . . . , xm]→ A[t]/(t
r) be defined by formula (4). For any genera-
tor xs00 x
s1
1 . . . x
sm
m of I
a˜(xs00 x
s1
1 . . . x
sm
m ) = a
s1
1 . . . a
sm
m t
s0+ℓ1s1+···+ℓmsm = trs = 0 ∈ A[t]/(tr).
This implies that I ⊂ ker(a˜). Therefore, we get a unique well-defined map
a˜ : κ(y)[x0, x1, . . . , xm]/I→ A[t]/(t
r).
Note that a˜ is a κ(y)-morphism, and preserves the k[t]/(tr)-structure, and one can
check that α−1 ◦ a˜ ◦ α˜y = a˜, and rW ◦ a˜ = w# ◦ r˜y . Altogether, a˜ ∈ b−1(y)(W ) if
and only if it is given by formula (4).
Now we are ready to construct a κ(y)-isomorphism β : b−1(y) → Amκ(y). It suffices
to give bijective, functorial maps
β(W ) : b−1(y)(W )→ Amκ(y)(W ) = Homκ(y)(κ(y)[y1, . . . , ym], A)
for all affine W = Spec(A) ∈ (Sch /κ(y)). Let β(W ) be the map which sends
a˜ ∈ b−1(W ) given by formula (4) to a′ ∈ Amκ(y)(W ) with
a′ : κ(y)[y1, . . . , ym]→ A; p(y1, . . . , ym) 7→ p(a1, . . . , am).
This map is bijective, because there is an obvious inverse map. It is easy to check
that it is functorial. 
Remark 4.2. If we do not assume that the Galois extension L/K is tame, then
we cannot show Lemma 4.1. This is because Lemma 7.1 is wrong in this case, see
Example 7.3, and hence we cannot show Lemma 7.5, which is the main ingredient
of the proof of Lemma 4.1. It would be very interesting to know what happens in
the non-tame case.
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Remark 4.3. Note that if we do not assume that k = k¯, but that L over K is
totally ramified, and that k contains all r-th primitive roots of unity, one can still
show Lemma 4.1.
There should also be no problem to replace OK by a Henselian ring.
4.2. Sections of the Quotient.
Corollary 4.4. Assumptions and notation as in Theorem 3.1. Then X (OK) = ∅
if and only if YG = ∅. If Y → T is a weak Ne´ron model of XL, then X(K) = ∅ if
and only if YG = ∅.
Proof. By Theorem 3.1, X (OK) ∼= Z(OK). As Z → S is smooth and OK is
Henselian, Z(OK) = ∅ if and only if Zk(k) = ∅ by [BLR90, Chapter 2.3, Proposition
5]. As k is algebraically closed this is equivalent to Zk = ∅. By Lemma 4.1 there is
a surjective morphism b : Zk → YG, so Zk = ∅ if and only if YG = ∅.
If Y → T is a weak Ne´ron model of XL, Z → S is a weak Ne´ron model of X by
Theorem 3.1, i.e. in particular Z(OK) ∼= X(K), which implies the second claim. 
Now we show one direction of the equivalence in Corollary 4.4 without using Z,
because this alternative proof yields an explicit construction of a section of the
model X → S through the image of a fixed point.
Proposition 4.5. Assumptions and notation as in Theorem 3.1. If YG 6= ∅, then
X (OK) 6= ∅.
Proof. As YG 6= ∅, there is a closed fixed point y ∈ Y. Note that G acts on
Spec(OˆY,y) given by some αy ∈ Aut(OˆY,y) with αry = id, such that the natural
map j : Spec(OˆY,y) → Y is G-equivariant. As L/K is a tame Galois extension, G
is a cyclic group of order prime to char(k), so by Lemma 7.1, G acts on R := OL
given by some αR ∈ Aut(R) sending a generator t of the maximal ideal in R to
µt, with µ ∈ R a primitive r-th root of unity. Note that OˆY,y is an R-module
via βy := (ϕ ◦ j)
#, and βy is G-equivariant. As ϕ is smooth, and the residue
field of R is equal to the residue field of OˆY,y, [Gro67, Proposition 17.5.3] implies
that OˆY,y ∼= R[[x˜1, . . . , x˜n]] as R-module for some x˜1, . . . , x˜n ∈ OˆY,y. Note that
t, x˜1, . . . , x˜n form a regular system of parameters of OˆY,y. As αy(t) = αR(t) = µt,
by Lemma 7.1 we may choose a system of parameters x0, . . . , xn with αy(xi) = µ
ℓixi
for some ℓi ∈ N, such that x0 = t. So OˆY,y ∼= R[[x˜1, . . . , x˜n]] ∼= R[[x1, . . . , xn]] as R-
modules. Let I ⊂ OˆY,y be the ideal generated by x1, . . . , xn. Note that αy(I) ⊂ I.
So the quotient map
σˆ : OˆY,y → OˆY,y/I = R[[x1, . . . , xn]] /(x1, . . . , xn) ∼= R
is a G-equivariant retraction of βy. Therefore σˆ
# is a section of ϕ◦j, and σ := j◦σˆ#
is a section of ϕ. As both σˆ and j are G-equivariant, the same holds for σ.
Let the G-action on T be given by gT ∈ Aut(T ), that on Y by g ∈ Aut(Y). Let
π : Y → X and πT : T → S be the quotients. Let ϕG : X → S be the structure
map of X as S-scheme. Every element in X (OK) is given by a section of ϕG. As
σ is G-invariant and π is a quotient map, π ◦ σ ◦ gT = π ◦ g ◦ σ = π ◦ σ. So by the
universal property of the quotient πT : T → S, there exists a unique σG : S → X
such that π ◦ σ = σG ◦ πT . Furthermore,
ϕG ◦ σG ◦ πT = ϕG ◦ π ◦ σ = πT ◦ ϕ ◦ σ = πT ◦ idT = πT .
As πT is an epimorphism, ϕG ◦ σG = idS, i.e. σG is a section of ϕG. 
Note that the image of a closed fixed point y ∈ Sm(Y/T )G in X is a singular point
in general, so in fact we construct sections through singular points. Here is an
example for such a section through a singular point.
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Example 4.6. Assumptions and notation as in Example 2.7. The closed point
Q = (0, 0) ∈ Y = A1k[[t]] is fixed, and the k[[s]]-scheme
Y/G ∼= Spec(k[[s]][b, c]/(sc− b2))
is singular in the image Q′ = (0, 0, 0) of Q under the quotient map. The proof of
Proposition 4.5 implies that there is a section σG of Y/G → Spec(k[[s]]) through
Q′. Such a section is for example given by
σG
#(P (s, b, c)) = P (s, 0, 0) ∈ k[[s]] .
Note that the G-equivariant section σ of Y → Spec(k[[t]]) which descends to σG is
given by σ#(P (t, x)) = P (t, 0).
5. Motivic Invariants
5.1. Motivic Serre Invariant.
Definition 5.1. The Grothendieck group of k-varieties K0(Vark) is defined to be
the abelian group with
• generators: isomorphism classes [U ] of separated k-schemes U of finite type
• relations: [U ] = [U \ V ] + [V ] for every closed immersion V →֒ U (scissor
relations)
The product [U ][V ] = [U ×Spec(k) V ] defines a ring structure on K0(Vark). We call
this ring the Grothendieck ring of k-varieties.
Set L := [A1k].
Themodified Grothendieck ring of k-varieties Kmod0 (Vark) is the quotient ofK0(Vark)
by the ideal generated by elements
[U ]− [V ]
where U and V are separated k-schemes of finite type such that there exists a finite,
surjective, purely inseparable k-morphism U → V .
We still denote the image of A1k in K
mod
0 (Vark) by L.
KOK0 (Vark) :=
{
K0(Vark) if OK has equal characteristic
Kmod0 (Vark) if OK has mixed characteristic
Definition 5.2. Let X be a smooth K-variety with weak Ne´ron model X → S.
Then the motivic Serre invariant S(X) is defined by
S(X) := [Xk] ∈ K
OK
0 (Vark)/(L− 1).
By [NS11a, Proposition-Definition 3.6] this definition does not depend on the choice
of a weak Ne´ron model.
Remark 5.1. Let X be a smooth, separated K-variety without K-rational point.
Then S(X) = 0. This holds, because in this case X viewed as an S-scheme is a
weak Ne´ron model of X , i. e. the special fiber of this weak Ne´ron model is empty.
Hence if S(X) 6= 0, then X has a K-rational point.
Theorem 5.2. Let X be a smooth, proper K-variety. Let L/K be a tame Galois
extension, OL the ring of integers of L, T := Spec(OL). Let ϕ : Y → T be a weak
Ne´ron model of XL with a good G := Gal(L/K)-action extending the Galois action
on XL. Then
S(X) = [YG] ∈ KOK0 (Vark)/(L− 1).
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Proof. By Theorem 3.1 we know that Z → S as constructed in Construction 3.1 is a
weak Ne´ron model of X . Hence by definition S(X) equals to the class of the special
fiber Zk in K
OK
0 (Vark)/(L− 1), and it suffices to show the following statement:
[Zk] = [Y
G] ∈ KOK0 (Vark)/(L− 1).
As KOK0 (Vark)/(L − 1) is a quotient of K0(Vark)/(L − 1), it suffices to show the
equation in K0(Vark)/(L− 1).
Consider b : Zk → YG as in Lemma 4.1. We can find Ui ⊂ YG such that YG =
U1 ⊔ · · · ⊔Um with Ui ⊂ YG \ (∩j<iUj) open, and b−1(Ui) ∼= A
mi
Ui
for some mi ∈ N,
by proceeding in the following way.
By [Edi92, Proposition 3.5], YG is smooth over TG = Spec(k), hence in particular
reduced. Replacing YG by an open subset, we may assume that it is integral. Let
η be the generic point of YG with residue field κ(η). By Lemma 4.1 there is an
isomorphism β : b−1(η) → Am1κ(η) over κ(η) for some m1 ∈ N. As β is defined by
finitely many rational functions over YG, we find an open subset U1 of YG over
which β is already defined. In particular b−1(U1) ∼= A
m1
U1
. Now one can proceed
with YG \ U1 in the same way. The claim follows by noetherian induction using
that YG is of finite type over k.
So using the scissor relations in the Grothendieck ring of k-varieties we get in
K0(Vark)/(L− 1) that
[Zk] = [b
−1(YG)] = [b−1(U1) ⊔ · · · ⊔ b
−1(Um)]
= [b−1(U1)] + [b
−1(U2) ⊔ · · · ⊔ b
−1(Um)] = . . .
=
m∑
i=1
[b−1(Ui)] =
m∑
i=1
[AmiUi ] =
m∑
i=1
[Amik ][Ui] =
m∑
i=1
[Ui]
= [U1 ⊔ · · · ⊔ Um] = [Y
G].
This proves Theorem 5.2. 
5.2. Rational Volume.
Fact. [NS11b, Example 4.3 and Corollary 4.14]
There exists a unique ring morphism (realization morphism)
χc : K
OK
0 (Vark)/(L− 1)→ Z
that sends a class of a separated k-scheme U of finite type to the Euler characteristic
with proper support
χc(U) =
∑
i≥0
(−1)i dimHic(U,Ql),
with l 6= char(k) a prime. The map does not depend on the choice of l.
Definition 5.3. Let X be a smooth K-variety with weak Ne´ron model. Then the
rational volume of X is defined by
s(X) := χc(S(X)) ∈ Z.
Remark 5.3. Let X be a smooth K-variety without K-rational point. Then
s(X) = 0. This holds, because by Remark 5.1, S(X) = 0, hence in particular
s(X) = χc(S(X)) = 0. So if s(X) 6= 0, then X has a K-rational point.
Theorem 5.4. Let X be a smooth, proper K-variety, and let L/K be a tame Galois
extension, such that G := Gal(L/K) is a q-group, q 6= char(k) a prime. Then
s(XL) = s(X) mod q.
In particular, if s(XL) does not vanish modulo q, then X has a K-rational point.
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Proof. Let OL be the ring of integers of L, T := Spec(OL). By Theorem 2.9 there
is a weak Ne´ron model ϕ : Y → T of XL with a good G-action on Y, extending the
Galois action on XL. Hence Theorem 5.2 implies that
S(X) = [YG] ∈ KOK0 (Vark)/(L− 1).
As XL ⊂ Y is G-invariant, the same holds for Yk, so the action of G on Y restricts
to Yk. By [EN11, Proposition 5.4], for every variety U over a field F with a good
G-action, χc(U) = χc(U
G) mod q. This Proposition is based on an argument in
[Ser09, Section 7.2]. In our case we get
χc(Yk) = χc(Y
G
k ) mod q.
As YG ⊂ Yk, see the proof of Lemma 4.1, YG = YGk . As Y is a weak Ne´ron model
of XL, by definition S(XL) = [Yk] ∈ K
OK
0 (Vark). So altogether we obtain
s(XL) = χc(S(XL)) = χc(Yk) = χc(Y
G) mod q
= χc(S(X)) mod q
= s(X) mod q.
Assume now that s(XL) 6= 0 mod q. This implies that s(X) 6= 0. But the rational
volume of a smooth K-variety without K-rational point vanishes, see Remark 5.3,
hence X has a K-rational point. 
6. Rational Points on Certain Varieties with Potential Good
Reduction
Definition 6.1. A smooth, proper K-variety X has potential good reduction (after
a base change of order r) if there exists a Galois extension L/K (of degree r), such
that XL has a smooth and proper model.
Corollary 6.1. Let X be a smooth, proper K-variety, which has potential good
reduction after a base change of order qr, q 6= char(k) a prime. Then
χ(X) :=
∑
i≥0
(−1)i dimHi(XKs ,Ql) = s(X) mod q
with Ks a separable closure of K, l 6= char(k) a prime. In particular, if χ(X) does
not vanish modulo q, then X has a K-rational point.
Proof. Let L/K be the field extension of degree qr, such that there is a smooth
and proper model of XL. Let OL be the ring of integers of L, T := Spec(OL), and
ϕ : Y → T a smooth and proper model of XL, which is in particular a weak Ne´ron
model of XL. So by definition s(XL) = χc(Yk). As ϕ is proper, Yk is proper over
k, and hence the ordinary cohomology coincides with the cohomology with proper
support, i. e. χc(Yk) = χ(Yk). As ϕ is proper and smooth, by [Del77, Expose´
V, Theorem 3.1] we get bijections between Hi(Yk,Z/nZ), and Hi(Y,Z/nZ), and
Hi(XL×Spec(L)Spec(L
s),Z/nZ) for all i, with Ls a separable closure of L. Therefore
we have for all i that
dimHi(Yk,Ql) = dimH
i(XL ×Spec(L) L
s,Ql).
Note that Ls = Ks, because L/K is a tame Galois extension. Therefore we get
XL ×Spec(L) Spec(L
s) = X ×Spec(K) Spec(K
s) = XKs , hence
χ(X) =
∑
i≥0
(−1)i dimHi(XKs ,Ql) =
∑
i≥0
(−1)i dimHi(Yk,Ql) = χ(Yk).
This implies that s(XL) = χ(X). Hence Theorem 5.4 implies the corollary. 
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Corollary 6.2. Let X be a smooth, proper K-variety, let L/K be a tame Galois
extension of prime order q, and assume that there is a smooth and proper model of
XL with a good G := Gal(L/K)-action extending the Galois action on XL, i.e. in
particular X has potential good reduction after a base change of order q.
If χ(X,OX) does not vanish modulo q, then X has a K-rational point.
Proof. Let OL be the ring of integers of L, T := Spec(OL). Let ϕ : Y → T be the
smooth and proper model of XL on which there is a good G-action extending the
Galois action on XL. As XL ⊂ Y is G-invariant, the same holds for Yk ⊂ Y, hence
the G-action on Y restricts to a good G-action on Yk. Let f : Yk → Yk/G be the
quotient.
Assume that the action of G on Y has no fixed point, so in particular the action
of G on Yk has no fixed point. As q is a prime, the action is free. So f is a finite,
e´tale morphism of degree q by [Gro63, Expose´ V, Corollaire 2.3]. Moreover Yk is
smooth and proper over k, because ϕ is smooth and proper. As f is e´tale and
finite, Yk/G is smooth and proper over k, too. As f is e´tale, f∗(TYk/G) = TYk , and
therefore f∗(td(TYk/G)) = td(TYk). Let s : Yk → Spec(k) and s
′ : Yk/G→ Spec(k)
be the structure maps. We have s = s′ ◦ f . Using [Ful98, Corollary 15.2.2], and the
projection formula in the third line, we obtain
χ(Yk,OYk) = s∗(ch(OYk) td(TYk))
= s′∗(f∗(ch(OYk )f
∗(td(TYk/G))))
= s′∗(f∗(ch(OYk )) td(TYk/G))
= s′∗(deg(f) ch(OYk/G) td(TYk/G)) = q χ(Yk/G,OYk/G).
This implies that χ(Yk,OYk) = 0 mod q.
Note thatHi(XL,OXL) = H
i(XL,OX ⊗K L) = Hi(X,OX)⊗K L holds for all i ≥ 0.
So in particular χ(XL,OXL) = χ(X,OX). As ϕ is smooth and proper, and T is
connected, by [Gro61, Theorem 7.9.4.I] the Euler characteristic is constant on the
fibers of ϕ, hence χ(Yk,OYk) = χ(XL,OXL), which does not vanish modulo q. This
is a contradiction, hence YG 6= ∅. So Corollary 4.4 implies that X has a K-rational
point. 
7. Appendix
In this section we show two lemmas concerning tame cyclic actions on Henselian,
regular, local rings. These results are used in Section 4.
The following lemma should be known to the experts; a similar statement can be
found in [Ser68].
Lemma 7.1. Let A be a regular, Henselian ring of dimension n with maximal ideal
m, such that its residue field κ is a field of char(κ) ∤ r containing all r-th roots of
unity, and let α ∈ Aut(A) with αr = id, such that the residual map on κ is trivial.
There exists a regular system of parameters x1, . . . , xn ∈ m ⊂ A with α(xi) = µ
ℓixi,
µ ∈ A a primitive r-th root of unity, and ℓi ∈ {0, . . . , r − 1}.
If there are z1, . . . , zs ∈ m ⊂ A, such that the z¯1, . . . , z¯s ∈ m/m2 are linearly
independent, and such that α(zi) = µ
ℓizi for some ℓi ∈ {0, . . . , r − 1}, then we may
chose xi = zi for i ≤ s.
Proof. Consider the polynomial p(x) := xr − 1 ∈ A[x]. Let µ ∈ κ be an r-th root
of unity, hence p(µ) = 0 ∈ κ. p′(µ) = rµr−1 6= 0 ∈ κ, because r 6= 0 ∈ κ. As
A is Henselian, Hensel’s Lemma gives us a µ˜ ∈ A, such that µ˜ = µ mod m, and
p(µ˜) = 0, i. e. µ˜ is a lift of µ, and µ˜r = 1. So we may fix a primitive r-th root of
unity µ ∈ A. Identify µ with its image in κ under the residue map.
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As A is a regular local ring of dimension n with residue field κ, m/m2 is an n-
dimensional κ-vector space. Let α¯ ∈ Aut(m/m2) be the automorphism induced by
α. As the morphism on A/m = κ induced by α is trivial, α¯ is a κ-linear map.
For some algebraic closure κ¯ of κ, there exists a basis of m/m2⊗κκ¯, such that the
matrix corresponding to α¯ has Jordan normal form. As α¯r = id, all eigenvalues are
r-th roots of unity, i. e. powers of µ, and as r 6= 0 ∈ κ ⊂ κ¯, the matrix is already
diagonal. But all r-th roots of unity are assumed to be in κ, so α¯ is diagonalizable,
too. Therefore m/m2 decomposes into eigenspaces Ej . By assumption, for all i
there exists a j such that z¯i ∈ Ej . Note that for all j one can choose a basis Bj
of Ej such that for all i, z¯i ∈ ∪Bj . This uses the fact that the z¯i are linearly
independent. Set {x¯s+1, . . . x¯n} := ∪Bj\{z¯1, . . . , z¯s}. As the Ej are eigenspaces, we
have α¯(x¯i) = µ
li x¯i for some li ∈ {0, . . . , l − 1}.
Choose x˜i ∈ A such that x˜i mod m2 = x¯i. As r is invertible in A, we can define
xi for i > s as follows.
xi :=
1
r
r−1∑
j=0
µ−ℓijαj(x˜i)
We have
α(xi) =
1
r
r−1∑
j=0
µ−ℓijαj+1(x˜i) =
µℓi
r
r−1∑
j=0
µ−ℓi(j+1)αj+1(x˜i)
=
µℓi
r
(
r−1∑
j=1
µ−ℓijαj(x˜i) + µ
−ℓirαr(x˜i)) = µ
ℓixi.
Moreover
xi mod m
2 =
1
r
r−1∑
j=0
µ−ℓijµℓij(x¯i) =
1
r
r−1∑
j=0
x¯i = x¯i,
hence {z1, . . . , zs, xs+1, . . . , xn} is a system of regular parameters in A.

Remark 7.2. In fact we do not need to assume in Lemma 7.1 that A is Henselian,
but only that all the r-th roots of unity in κ lift to A. The same is true in Remark 7.4
and Lemma 7.5.
If we do not assume that r is prime to char(κ), Lemma 7.1 is wrong. To see this,
look at the following example:
Example 7.3. Let κ be an algebraically closed field with char(κ) = 2. Then
A := κ[[x, y]] is a complete local ring with maximal ideal m = (x, y) ⊂ A. Let
α ∈ Aut(A) with α(P (x, y)) = P (x, x + y) for all P (x, y) ∈ A. We have that
α2(P (x, y)) = P (x, 2x + y) = P (x, y), because char(κ) = 2, hence α2 = id. Note
that α¯ : m /m2 → m /m2 is not diagonalizable.
Let A be a ring, α ∈ Aut(A) with αr = id. Then α defines an action of G := Z/rZ
on A, and the subring
AG := {a ∈ A | α(a) = a} ⊂ A
is called the ring of invariants.
Remark 7.4. Let A be as in Lemma 7.1. Then mG := m∩AG ⊂ AG is an ideal and
we have AG/mG →֒ A/m = κ. With a proof similar to the proof of Lemma 7.1,
we can show that there exists a lift s˜ ∈ A of s ∈ κ such that α(s˜) = s˜, i. e. s˜ ∈ AG,
and hence AG/mG = κ. Hence there is a ringhomomorphism AG → κ, and hence
we may consider κ⊗AG A.
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Note that G := Z/rZ acts on κ⊗AGA given by id⊗α ∈ Aut(κ⊗AGA), such that the
canonical maps ρ1 : A→ κ⊗AG A and ρ2 : κ→ κ⊗AG A are G-equivariant for this
G-action, and the given G-action on A, and the trivial G-action on κ, respectively.
Lemma 7.5. Let A be as in Lemma 7.1. Then κ⊗AGA ∼= κ[x1, . . . , xm]/I, m ≤ n,
and
(id⊗α)(p(x1, . . . , xm)) = p(µ
ℓ0x1, . . . , µ
ℓmxm)
for some ℓi ∈ {1, . . . , r − 1}, p(x1, . . . , xm) ∈ κ⊗AGA, µ ∈ κ a primitive r-th root
of unity, and I ⊂ κ[x1, . . . , xm] is the ideal generated by monomials of the form
xs11 . . . x
sm
m with s1ℓ1 + · · ·+ smℓm = sr, s ∈ N.
Proof. Set A˜ := κ ⊗AG A. Consider ρ1 : A → A˜; a 7→ 1 ⊗ a. Take any s ∈ κ
and a ∈ A. As above we can chose a lift s˜ ∈ AG of s. Hence we get ρ1(s˜a) =
1⊗ s˜a = s⊗ a, hence ρ1 is surjective. Note that 0 = ρ1(a) = 1⊗ a for some a ∈ A
if and only if we can write a = a1a2 for some a1 ∈ A
G, a2 ∈ A, and r
G(a1) = 0,
i. e. a1 ∈ mG:= m∩AG, hence ker(ρ1) = AmG.
By Lemma 7.1 there exists a system of parameters y1, . . . , yn ∈ A such that
α(yi) = µ˜
ℓiyi, ℓi ∈ {0, . . . , r}, µ˜ ∈ A a primitive r-th root of unity, which is a
lift of µ ∈ κ. So AmG ⊂ A is the ideal generated by monomials of the form
ys11 . . . y
sn
n with s1ℓ1+ · · ·+ snℓn = sr, s ∈ N. As m
nr is generated by monomials of
degree nr in the yi, all generators are divisible by y
r
i for at least one i. Note that
for all i, yri ∈ m
G. Hence mnr ⊂ AmG.
Set N := nr. So A˜ ∼= κ⊗AG(A/m
N). We show by induction that this is generated as
a κ-algebra by the images of the yi. The induction assumption is clear, because in
this case κ⊗AG(A/m
1) ∼= κ. Assume that κ⊗AG(A/m
l) is generated as a κ-algebra
by the images of the yi. Let A˜l+1 be the subalgebra of κ⊗AG (A/m
l+1) generated
by the images of the yi. Take any element 1⊗a in κ⊗AG(A/m
l+1). By the induction
assumption there is an a˜ ∈ A/ml+1, such that a− a˜ ∈ ml/ml+1, and 1⊗ a˜ ∈ A˜l+1.
Note that ml /ml+1 is a κ-vector space generated by monomials of degree l in the
yi. So 1⊗(a˜−a) ∈ A˜l+1, and therefore the same holds for 1⊗a = 1⊗ a˜+1⊗(a− a˜).
Altogether, A˜ is generated as a κ-algebra by the images of the yi.
Let x1, . . . , xm be the images of those yi with ℓi 6= 0. Note that, if ℓi = 0,
yi ∈ mG ⊂ ker(ρ1), i. e. ρ1(yi) = 0. Hence the xi generate A˜ as a κ-algebra.
Renumbering the yi, we may assume that ρ1(yi) = xi. We have
(id⊗α)(xi) = (id⊗α)(1⊗ yi) = 1⊗ α(yi) = 1⊗ µ˜
ℓjyi = µ
ℓixi.
Moreover, using ker(ρ1) = Am
G, we obtain that
A˜ ∼= κ[x1, . . . , xm]/I
with I generated by xs11 . . . x
sm
m with s1ℓ1 + · · ·+ smℓm = sr, s ∈ N. As (id⊗α) is
a κ-morphism, (id⊗α)(p(x1, . . . , xm)) = p(µℓ1x1, . . . , µℓmxm) with ℓi ∈ {1, . . . , r}
for p(x1, . . . , xm) ∈ A˜. 
Remark 7.6. Note that if A is of mixed characteristic, it is not a κ-algebra, but
A⊗AG κ is. As we tensor over A
G, we keep the information concerning the G-action
on A.
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